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We present a detailed analysis of a rotating black hole surrounded by quintessence. The additional
scalar field introduced could describe an effective warm dark matter around a black hole or also new
physics beyond general relativity. We clarify the conditions for the existence of black hole solutions
and study their structure by analysing the horizons and the cases when we have extremal solutions.
We show that the deflection angle produced by the black hole depends on the parameters (c, w)
which need to obey the condition cw < 0 because of the weak energy condition. In this context, we
found that for w ≃ 0.1 (consistent with warm dark matter) and c < 0, the deviation angle is larger
than that in the Kerr spacetime for direct and retrograde orbits. We also derive an exact solution
in the case of w = −1/3.
I. INTRODUCTION
The deflection of light by massive astrophysical objects
remains one of the most interesting ways to study the
geometry produced by these objects. We have recently
completed the 100 years of the confirmation by Edding-
ton and Dyson of the bending of light ray by a star,
which is a weak effect, everyday used by astronomers to
measure gravitational mass of clusters or galaxies. On
the other side, we have also strong gravitational deflec-
tion of light, which occurs when a light ray approaches a
massive object such as a black hole (BH). If the photon
comes too close to the object, it will not escape, giving
birth to a darker area known as the shadow of the black
hole, which has been observed this year. It is an inter-
esting effect which motivates the study of the geodesic
equations and therefore the geometry of the spacetime.
The calculation of the bending angle [1–4] for
Schwarzschild and Kerr geometries show that as we ap-
proach these objects, the bending angle exceeds 2pi, in-
dicating that the particle could loop around the object
multiple times. It is therefore important to systemat-
ically study this behavior for geometries different from
the Kerr black hole which could become an interesting
test of general relativity.
In fact, black holes exhibit the largest curvature of
spacetime accessible to direct or indirect measurements.
They are, therefore, ideal systems to test our theories of
gravity under extreme gravitational conditions. Even if
the theory of general relativity (GR) remains very suc-
cessful, some questions remain without answers or at
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least with no general consensus. Among these questions
is the dark matter [5] and the dark energy problems [6] of
late-time cosmology. As a way to study these models, a
scalar field is often introduced [7] and among the multi-
ple models, quintessence remains the simplest [8–11]. It
is doubtful to think that dark energy could affect the sur-
rounding of a black hole, but dark matter could produce
an effective fluid around the compact object. Because
dark matter does not interact with photons, it would not
deflect light directly but the modification of the metric
would affect the path of light rays.
Cold dark matter has an equation of state (EOS) w =
0 like dust, while hot dark matter has an equation of
state like radiation because it is relativistic matter with
w = 1/3. A warm dark matter should have an effective
equation of state with 0 < w < 1/3. Also notice that
some coupling of dark matter with other species might
give an effective parameter of state different from zero.
Recently, an analysis [12] in this direction gave 0 < w <
0.2.
Interestingly, a spacetime with an effective fluid de-
scribed by an equation of state P = wρ exists [13] and
has been extended to a rotating solution in [14]. In this
paper, we will study the general description of spacetimes
in Section II, followed by the study of the horizon and
extremal solutions in Section III. In Section IV, we will
numerically analyse the photon orbit that and extend it
further in Section V by studying the deflection angle for
various parameters of the theory. Finally, in Section VI,
we will find particular cases where the problem can be
analysed exactly.
II. ROTATING BLACK HOLE SURROUNDED
BY QUINTESSENCE
The metric of a Rotating BH surrounded with
quintessence [14] is given below,
2ds2 = −
[
1−
(
2Mr + cr1−3w
)
Σ
]
dt2 +
Σdr2
∆
−2asin2θ
[
2Mr + cr1−3w
Σ
]
dtdφ +Σdθ2
+sin2θ
[
r2 + a2 + a2sin2θ
(
2Mr + cr1−3w
Σ
)]
dφ2,
(1)
with ∆ = r2 + a2 − 2Mr− cr1−3w and Σ = r2 + a2cos2θ
where c is a new parameter describing the hair of the
black hole and w is quintessential equation of state pa-
rameter. First, we will check if this metric describes a
solution of GR with quintessence field. For that we con-
sider a fluid described as
Tµν = ρuµuν + Prkµkν + PtΠµν (2)
where ρ is the energy density of matter, Pr is the radial
pressure, Pt the tangential pressure, uµ is the normalized
time-like fluid 4-velocity (such that uµu
µ = −1 ), kµ is
a unit space-like radial vector, Πµν = gµν + uµuν − kµkν
is the projection operator onto a 2-surface orthogonal
to both vectors uµ and kµ. We define also the angular
velocity Ω = a/(a2 + r2). Therefore, we have u3 = Ωu0
and from the condition of normalization, we obtain
u0 =
[
−(g00 + 2Ωg03 +Ω2g33)
]−1/2
(3)
and k1 = (g11)
−1/2.
From the expression of the metric, it is easy to calculate
Tµν = Gµν , from which we obtain
ρ = Tµνu
µuν (4)
Pr = Tµνk
µkν (5)
T = −ρ+ Pr + 2Pt (6)
or more specifically
ρ = −3cwr
1−3w
Σ2
(7)
Pr = 3cw
r1−3w
Σ2
(8)
Pt = ρ− 3cw(3w − 1)r
−1−3w
2Σ
. (9)
We define the pressure as the average 3P = Pr + 2Pt,
which therefore gives the equation of state
P
ρ
= w + (3w − 1)a2 cos
2 θ
3r2
. (10)
Notice that in the case a = 0, we recover the quintessence
solution [13]. Generically, the metric does not describe a
quintessence field but in the equatorial plane θ = pi/2, it
reduces to P = wρ. We will in the rest of the paper work
in the equatorial plane to assure the right equation of
state. It is important to notice that Kiselev [13] named
this field quintessence as we do even if it describes a fluid
with constant equation of state and not quintessence.
Considering the equatorial plane, we will have
ρ = − 3cw
r3(1+w)
(11)
Pr =
3cw
r3(1+w)
(12)
Pt = −3cw(3w + 1)
2r3(1+w)
. (13)
Therefore, we need to impose the condition cw < 0 to
ensure ρ > 0 and the weak energy condition, which in
return implies Pr < 0 and Pt < 0 for w < −1/3.
III. HORIZONS
In this section, we will study the location of the hori-
zons. They are defined by the equation ∆ = 0 or more
specifically
r2 + a2 − 2Mr − cr1−3w = 0 . (14)
The case c 6= 0 is complex and will be studied nu-
merically. Considering normalized quantities such as
r → rM , a→ aM , c→ αM1+3w, we obtain
r2 + a2 − 2r − αr1−3w = 0 . (15)
We see from Fig.(1) that for c < 0, we have always
2 horizons, an outer or event horizon and an inner or
Cauchy horizon, until some critical value of the acceler-
ation which defines the extremal black hole. In the case
where c > 0, the situation is more complicated. We no-
tice the existence of 2 horizons for some values of w, we
could have only 1 horizon and in some cases at least 3
horizons are possible.
We see also in Fig.(2) the existence of a critical value
defined by w = 1/3. For w < 1/3, we found that for any
c or α = cM−1−3w, the acceleration needed to reach an
extremal black hole is smaller when w increases. This be-
havior changes when w > 1/3. Notice also that extremal
black holes always exist for any w when α < 0 while for
α > 0, these black holes exist only in some range of w
which is always bounded from above by w = 1/3. Fi-
nally, we notice that for c < 0, the extremal black hole
is smaller than the extremal Kerr while for c > 0, the
extremal solution is larger.
IV. PHOTON ORBIT
The photon orbit is an interesting observable which is
related to the black-hole shadow recently observed [15].
Considering the orbit of photons in the previous space-
time, one can obtain the geodesic equations and princi-
pally the radial equation, written as r˙2 = f(r), where
3w=-1.5
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FIG. 1. Variation of the position of the outer and inner hori-
zon with the acceleration parameter for different values of w
and for α = −1 in the upper panel and α = +1 in the lower
panel.
f(r) is a function of r. The formalism is well known and
we will briefly comment on the steps to take to obtain
the final result. Considering the Lagrangian defined by
L = gµν x˙
µx˙ν/2 from which we deduce the generalized
momenta pµ ≡ ∂L/∂xµ, we can define the Hamiltonian
H = pµx˙
µ − L. Finally, using pt = −E = constant
and pφ = L = constant and θ = pi/2, it is easy to find
H = H(r, r˙2). Solving the equation H = 0 (for photons),
we find
r˙2
E2
≡ f(r) = 1 + 2M(a− d)
2
r3
+
a2 − d2
r2
+ c
(a− d)2
r3(1+w)
(16)
where we defined d = L/E.
From eq.(16) we can find easily the equation for circu-
lar orbits, f(r) = 0. To find the photon sphere, we need
to ensure that it corresponds to the largest unstable orbit,
viz. f ′(r) = 0 [16]. For Kerr black hole, the photon orbit
is 3M in the absence of rotation, and in the extremal
case we have M for direct orbits and 4M for retrograde
orbits, which correspond to the smallest possible radii of
the circular photon orbits. In the case of quintessence
rotating black hole, we have a richer structure due to
the 2 additional parameters (c, ω). Instead of studying
only the photon orbit, it is more interesting to analyse
the photon orbit (rγ) over the event horizon radius (rH),
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FIG. 2. Variation of the extremal value of |a|/M as a function
of c for various values of w in the upper panel and as a function
of w for different values of α = cM−1−3w in the lower panel.
namely rγ/rH . In fact, in the Kerr black hole, it is then
easier to see that the photon orbit is getting closer to
the event horizon for direct orbit when the acceleration
increases, until the extremal Kerr black hole, when the
photon orbit is equal to the event horizon. We see in
Fig. (3) that w = −1 and α = −1 which corresponds to
Kerr-AdS is very different but well known. Focusing on
other cases, we see that for a giving retrograde orbit at
fixed acceleration of the black hole a, the photon orbit is
smaller for c > 0 and larger for c < 0 which is expected
as we have an additional term in the metric which in-
troduces an additional “force” proportional to (1 + w)c.
Considering only normal quintessence, w > −1, we have
for c > 0 an additional attraction competing against the
acceleration while for c < 0 there is an additional re-
pulsion. This effect is also affected by the value of w.
Finally, for direct orbits of the photons, the behavior is
very similar for most of the parameters taking into ac-
count, as we have seen previously, that we can reach the
extremal black hole for much smaller values of a when
c < 0.
V. DEFLECTION ANGLE
We consider a light ray that starts at infinity and ap-
proaches the black hole until some distance r0, namely
4Kerr
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FIG. 3. Variation of the photon orbit radius over the event
horizon as a function of the acceleration parameter a/M . In
black, we have represented the evolution for the Kerr black
hole, in plain line, the quintessence black hole for α = −1 and
finally in dashed line, we have α = 1 for various values of w.
the distance of closest approach. It then emerges and
arrives to an observer who is in some asymptotic region.
We can calculate the change in the coordinate φ or equiv-
alently the deflection of the light ray from its original
path, θ. Both are easily related by θ = φ− pi. The point
of closest approach is obtained by considering the largest
root of the equation r˙2 = 0 and φ is defined by
φ = 2
∫ ∞
r0
dφ
dr
dr . (17)
The factor 2 takes into account when the photon gets
closer to the black hole until r0 and moves away from r0
to the asymptotic region. It is customary to represent it
as a function of a normalized impact parameter, b, which
is defined from the critical impact parameter, dc, as
b = 1− dc
d
(18)
where d is the impact parameter defined as d = L/EM .
The critical impact parameter is the smallest value of d
which produces a change of direction of the trajectory.
For example, dc = 3
√
3M for Schwarzschild spacetime,
2M for direct orbits in the extremal Kerr of 7M for the
same extremal Kerr spacetime for retrograde orbits.
We see easily that when b = 0, the impact parameter
is equal to the critical value, implying a radius equal to
the photon orbit; the photon will not emerge and there-
fore θ diverges. This corresponds to the strong deviation
regime, while for b = 1, the impact parameter is infinite
and therefore the deviation is zero which corresponds to
the weak deflection regime.
We have represented in the Fig. (2) the deflection angle
for α = 1. We have also represented the Kerr solution for
comparison. Of course, both solutions produce the same
deviation angle for w = 0 (which corresponds to Kerr
black hole with a different mass). The bending angle is
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FIG. 4. Variation of the bending angle for a normalized im-
pact parameter b = 0.5 as a function of w and α = 1 in the
upper panel and α = −1 in the lower panel. The retrograde
and the direct orbit are calculated for an extremal black hole.
always greater for direct orbits and it is greater than that
for the Kerr spacetime for w < 0. Notice that retrograde
and direct orbits are calculated for extremal black holes.
VI. EXACT SOLUTIONS
As we have seen previously, the bending angle is de-
fined as
θ = 2
∫ ∞
r0
dφ
dr
dr − pi . (19)
It is usually simpler to work with the variable u = 1/r
which gives
θ = 2
∫ 1
r0
0
f(u)√
B(u)
du− pi (20)
where
f(u) =
b+ 2(a− b)u+ α(a− b)u1+3w
1− 2u+ a2u2 − αu1+3w (21)
and
B(u) = 1 + (a2 − b2)u2 + 2(a− b)2u3 (22)
+ α(a− b)2u3(1+w) .
5Notice that as previously, we have normalized the vari-
ables c→ αM1+3w, L→ bEM , a→ aM and r → rM .
Focusing now on the particular case w = −1/3, we can
decompose f(u) in terms of partial fractions
f(u) =
a− b
a2
[ C
u− u+ +
2− C
u− u−
]
(23)
where
u± =
1±
√
1 + a2(α− 1)
a2
(24)
and
C = 1 +
2(a− b) + a2
[
aα+ b(1− α)
]
2(a− b)
√
1 + a2(α− 1) . (25)
Here B(u) is a cubic polynomial which has some particu-
lar characteristics, B(u = 0) = 1 > 0, limu→∞B = +∞.
It is also easy to see that around u = 0, B is a decreasing
function, therefore B is first decreasing and then increas-
ing. We conclude that it can have 0, 1 or 2 real positive
roots. We will name these roots u1 < u2 ≤ u3 which
implies that
B(u) = 2(b− a)2(u− u1)(u − u2)(u − u3) . (26)
For some parameters, only 1 real positive root exists. It
corresponds to B′(u) = 0 and B(u) = 0 and therefore
defines the critical impact parameter bc
b3c + 3a
1 + α
1− αb
2
c − 3
9− a2(1− α)(1 + α)2
(1− α)3 bc
+ a
27 + a2(1 + α)3
(1− α)3 . (27)
Performing the change of variable
bc =
6
(1 − α)3/2 cosx− a
1 + α
1− α (28)
we get cos 3x+ a
√
1− α = 0 which implies
bc =
6 cos
[
1
3 cos
−1
(−a√1− α)]
(1− α)3/2 − a
1 + α
1− α . (29)
In summary, we will need to consider b > bc, for which
we will always have 2 positive real roots of B(u), namely,
u2 and u3. Considering u2 as the smallest root, it defines
the position r0 = 1/u2 entering in the definition of the
deviation angle (20). Therefore, we have
θ = −
√
2
a2
[
C
∫ u2
0
du
(u− u+)
√
(u− u1)(u − u2)(u− u3)
+
(2− C)
∫ u2
0
du
(u − u−)
√
(u− u1)(u− u2)(u− u3)
]
− pi .
(30)
These integrals can be written in terms of complete and
incomplete elliptic integrals of the third kind respectively,
e.g.
∫ u2
0
du
(u− u±)
√
(u − u1)(u − u2)(u− u3)
= −
∫ 0
u1
du
(u− u±)
√
(u − u1)(u2 − u)(u3 − u)
+
∫ u2
u1
du
(u − u±)
√
(u − u1)(u2 − u)(u3 − u)
=
2
(u± − u1)
√
u3 − u1
[∫ p
0
dθ
(1 − u2−u1u±−u1 sin
2 θ)
√
1− u2−u1u3−u1 sin
2 θ
−
∫ pi/2
0
dθ
(1 − u2−u1u±−u1 sin
2 θ)
√
1− u2−u1u3−u1 sin
2 θ
]
=
2
(u± − u1)
√
u3 − u1
[
Π
( u2 − u1
u± − u1 ; p,
u2 − u1
u3 − u1
)
−Π
( u2 − u1
u± − u1 ;
u2 − u1
u3 − u1
)]
(31)
where we have performed the change of variable u =
u1 + (u2 − u1) sin2 θ and defined p = arcsin
√
− u1u2−u1 .
Using eqs.(31,30), we get the final result of the exact
bending angle of a photon for w = −1/3. In Fig.(5), we
have represented the exact bending angle as a function
of the normalized impact parameter, b. When a > 0, we
consider the trajectory as direct and when a < 0, the
trajectory of the photon is retrograde. We see that for
a given normalized impact parameter b < 0.6, the direct
orbit in the case of rotating quintessence has a smaller
deviation than Kerr, while the retrograde orbit is slightly
larger than Kerr. It is interesting to notice that even if
for some particular parameter b, rotating quintessence is
similar to Kerr; the study of these spacetime for various
impact parameter permits to distinguish them.
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FIG. 5. Variation of the bending angle of rotating
quintessence for |a| = 0.99, as a function of the normalized
impact parameter b, for w = −1/3. The results are compared
to Kerr spacetime for similar rotating parameter |a| = 0.99,
and Schwarzschild spacetime. In the upper panel, we consid-
ered α = 0.1 and α = 0.01 in the lower panel.
VII. CONCLUSIONS
We have studied the rotating quintessence black holes
in the equatorial plane. We have analysed the structure
of the solutions, the existence of extremal black holes and
clarified if these spacetimes describe rotating black holes
surrounded by a quintessence field. In that direction,
we found that an extremal black hole always exists for
c < 0. We noticed that for c < 0, the extremal black hole
is smaller than the extremal Kerr while for c > 0, the ex-
tremal solution is larger than in the Kerr spacetime. We
investigated the photon orbit. We found that for a giving
retrograde orbit, the photon orbit is smaller for c > 0 and
larger for c < 0, as compared to Kerr black hole. Then
we studied the deflection angle in the equatorial plane.
We found that for c > 0 and w < 0, which doesn’t vio-
late the weak energy condition, the quintessence rotating
black hole produces a larger deviation than Kerr. This
effect is amplified for smaller values of w. In the case,
where c < 0 and α > 0, the retrograde orbit gives rise
to a larger deviation than Kerr while in the direct orbit,
we can have a larger deviation for small w and smaller
deviation for larger w.
Finally, we have studied an exact expression for bend-
ing angle in the background of a rotating BH surrounded
by quintessence with EOS parameter w = −1/3. We
found that the bending angle α of rotating BH with
quintessence has a lower value compared to the Kerr BH
spacetime in GR when the value of normalized impact
parameter b lies between 0 and 0.5. Also the bending
angles of rotating BHs with quintessence coincide with
those of the Kerr BHs for the larger value of normalized
impact parameter i.e. b > 0.5.
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